Standard and Null Weak Values by Zilberberg, Oded et al.
Standard and Null Weak Values
Oded Zilberberg, Alessandro Romito and Yuval Gefen
Abstract Weak value (WV) is a quantum mechanical measurement protocol, pro-
posed by Aharonov, Albert, and Vaidman. It consists of a weak measurement, which
is weighed in, conditional on the outcome of a later, strong measurement. Here we
define another two-step measurement protocol, null weak value (NVW), and point
out its advantages as compared to WV. We present two alternative derivations of
NWVs and compare them to the corresponding derivations of WVs.
1 Introduction
This contribution is dedicated to Yakir Aharonov, on his 80th birthday. His seminal
work in quantum mechanics, and the stimulating discussions we have had with him,
have influenced our own work in physics in a deep way. YG is indebted to Yakir
Aharonov for the close interaction, and his continuous support over the years.
The von Neumann formulation of measurement in quantum mechanics invokes a
generic Hamiltonian of the form [1],
H = HS+HD+Hint , (1)
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where HS is the Hamiltonian of the system to be measured, HD is the detector’s
Hamiltonian, and Hint represents the coupling between the two:
Hint = λ g(t)pˆAˆ . (2)
Here pˆ is the momentum canonically conjugate to the position of the detector’s
pointer, qˆ, g(t) represents the time window during which the measurement (system-
detector coupling) takes place, and λ is the dimensionless strength of the measure-
ment. The measured observable is Aˆ= ∑i ai |ai〉〈ai|.
Strong measurement is associated with the collapse of the wave function dogma
[1]. In an ideal strong measurement there is a one-to-one correspondence between
the observed value of the detector’s coordinate, qα , and the eigenstates |α〉 of the
system’s measured operator, Aˆ [cf. Fig. 1(a)]. In a weak measurement (λ  1), in-
stead, the ranges of values of q that correspond to two distinct eigenstates of Aˆ,
|α〉 and |α ′〉, are described by two strongly overlapping probability distribution
functions, Pα(q) and Pα ′(q), respectively. Hence the measurement of q provides
only partial information on the state of S [cf. Fig. 1(b)] and changes its state only
slightly. Nonetheless the mean value of a single weak measurement (averaged over
many repetition of the measurement) coincides with that of a strong measurement.
One may extend the notion of weak measurement by referring to a sequence of
correlated (especially conditional) measurements. Conditional quantum measure-
ments can lead to results that cannot be interpreted in terms of classical probabili-
ties, due to the quantum correlations between measurements. An intriguing example
for correlated quantum measurements outcome is the so called weak value (WV).
It is the outcome of a measurement scheme originally developed by Aharonov, Al-
bert and Vaidman [2]. The WV measurement protocol consists of (i) initializing the
system in a certain pure state | i〉 (preselection; generalization to a mixed state is pos-
sible [3] but will not be discussed here), (ii) weakly measuring observable Aˆ of the
system, (iii) retaining the detector output only if the system is eventually measured
to be in a chosen final state | f〉 (postselection). The average signal monitored by the
detector will then be proportional to the real (or imaginary) part of the complex WV,
f 〈Aˆ〉i = 〈 f | Aˆ |i〉〈 f |i〉 , (3)
rather than to the standard average value, 〈i| Aˆ |i〉 [cf. Fig. 1(b)]. Further discussion
of the context in which WV should be understood has been provided [4–6].
Going beyond the peculiarities of WV protocols, recent series of works explored
the potential of WVs in quantum optics [7–13] and solid-state physics [14–17],
ranging from experimental observation to their application to hypersensitive mea-
surements. In the latter, a measurement, performed by a detector entangled with a
system whose states can be preselected and postselected, leads to an amplified signal
in the detector that enables sensing of small quantities [9–13, 17]. Quite generally,
within a WV-amplification protocol, only a subset of the detector’s readings, asso-
ciated with the tail of the signal’s distribution, is accounted for. Notwithstanding the
Standard and Null Weak Values 3
Fig. 1 Strong and weak measurements. When the system is in a given eigenstate, |α〉, of the
measured observable, Aˆ, the coordinate shift in the detector, q, has a certain probability distribution,
Pα (q). (a) When such distributions are well peaked around different values of qα , i.e. ∆  |qα ′ −
qα |, one can uniquely associate a value of the coordinate, qα , to each eigenstate of Aˆ, |α〉, which
corresponds to a strong measurement. (b) In the opposite case of a weak measurement, ∆  |qα ′−
qα |, the small shift in the detector’s coordinate (due to the weak system-detector coupling) is
blurred by the distribution uncertainty. The shaded (green) area on the right represents the part of
the distribution selected by the WV protocol.
scarcity of data points, the large value of f 〈Aˆ〉i, leads to an amplification [11, 17]
of the signal-to-noise ratio (SNR) for systems where the noise is dominated by an
external (technical) component.
The amplification originating from WV protocols is non-universal. The specifics
of such amplification are diverse and system-dependent. In fact, for statistical (in-
herent) noise, SNR amplification resulting from large WVs is generally suppressed
due to the reduction in the statistics of the collected data: postselection restricts us
to a small subset of the readings at the detector. The upside of the WV procedure
has several facets: if we try to enhance the statistics by increasing the intensity of
input signal through the system (e.g., intensity of the impinging photon beam), pos-
sibly entering a non-linear response regime, postselection will effectively reduce
this intensity back to a level accessible to the detector sensitivity [10]. Alternatively,
amplification may originate from the imaginary component of the WV [9], or from
the different effect of the noise and the measured variable on the detector’s sig-
nal [17]. However, as long as quantum fluctuations (leading to inherent statistical
noise) dominate, the large WV is outweighed by the scarcity of data points, failing
to amplify the signal-to-statistical-noise ratio [17, 18].
We have recently presented an alternative measurement protocol dubbed null
weak value (NWV), that overcomes the SNR problem of WV-protocols [19]. Like
the WV-protocol, NWV consists of a two-step conditional measurement. The recipe
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goes as follows: (i) We prepare the system in a given pure state |i〉 (a generalization
to a mixed state will not be discussed here). (ii) We perform a strong measurement of
the observable Aˆ; we arrange the setup such that the probability, p, that our detector
“clicks” (hence collapse is taking place), is small (p 1). If the detector clicks, the
system’s state has collapsed, and we start our measurement all over again, with a
new replica of the system. If no click has occurred, |i〉 has been (by way of back-
action) modified, |i〉 → ∣∣ip〉. (iii) We now let the system evolve in time, possibly
manipulating
∣∣ip〉 in a controlled way. (iv) We perform a strong measurement of a
certain observable Bˆ. Formulating the results of the first and second measurements in
an anti-causal manner, the outcome of the first measurement (the detector clicking)
is conditional on the outcome of the second measurement (of Bˆ). The NWV of Aˆ is
then
〈
Aˆ
〉
NWV =
〈i|Aˆ|i〉
|〈 f |i〉|2 , (4)
to be compared with the WV of Aˆ, Eq. (3).
In principle, the derivation of standard WVs, as well as that of NWVs, can be
done by following the dynamics of the measurement process in the extended system-
detector Hilbert space. Here we discuss the derivation of NWVs and compare it to
the derivation of WVs, taking two different paths: (i) analyzing the the effect of
the detector on states and amplitudes in the system’s subspace. We refer to this
as “derivation in terms of quantum states”. (ii) We derive expressions for WVs /
NWVs analyzing the probabilities and conditional probabilities involved in the var-
ious steps of the protocols.
The outline of this paper is as follows. In Section 2 we present a derivation of a
standard WV in terms of quantum states. This follows by a derivation in Section 3,
which employs conditional probabilities. Section 4 addresses NWV from the view-
point of conditional probabilities, and Section 5 presents a derivation of NWV in
terms of quantum states. In Section 6 we outline a few conclusions.
2 Standard WV Derivation
Weak values describe the outcome read in a detector when the measured system is
subsequently found to be in a specific state. The expression for WVs can be de-
rived most simply through an argument due to Yakir Aharonov based on a one-line
identity for the average value of an observable Aˆ:
〈
Aˆ
〉
= 〈i| Aˆ |i〉=∑
n
〈 i| fn〉〈 fn| Aˆ |i〉=∑
n
| 〈 fn| i〉 |2 〈 fn| Aˆ |i〉〈 fn| i〉 ≡∑n
Pi→n fn〈Aˆ〉i . (5)
The identity is obtained by inserting a complete set of states 1 = ∑n | fn〉〈 fn|.
Also in the last equality we introduced the notation fn〈Aˆ〉i ≡ 〈 fn| Aˆ |i〉/〈 fn| i〉,
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Pi→n ≡ |〈 fn| i〉 |2. The reasoning goes as follows: The states {| fn〉} above can be in-
terpreted as the possible states obtained by measuring an observable Bˆ after Aˆ. If one
can assume that the measurement Aˆ leaves the initial state unchanged, Pi→n can be
interpreted as the probability that the system is (finally) to be found in | fn〉. Eq. (3)
gives then a natural interpretation of the WV, fn〈Aˆ〉i, as the average of Aˆ conditional
to a postselection on | fn〉. The so obtained expression for the WV is universal in
the sense that it does not depend on the the specific detector or its coupling to the
system, as long as the state of the system is unaffected by the detection process.
Not modifying the state of the system has to do with the measurement back-action
and its precise meaning is what defines the weakness of the measurement, hence the
name weak value. The weakness of the measurement can be addressed in a specific
model of the system-detector coupling. One may, of course, reproduce the correct
expression for the WV in a treatment involving the system-detector Hilbert space.
The weak coupling between a system and a detector is performed by an ideal von
Neumann measurement [1], described by the Hamiltonian in Eqs. (1) and (2) with
λ  1. We assume for simplicity that the free Hamiltonians of the system and the
detector vanish and that g(t) = δ (t− t0).
The system is initially prepared in the state |i〉, and the detector in the state
|φ0〉. The latter is assumed to be a Gaussian wave-packet centered at q = q0,
|φ0〉 = Ce−(q−q0)2/4∆2 . After the interaction with the detector the entangled state
of the two is
|ψ〉= e−iλ pˆAˆ |i〉 |φ0〉 . (6)
In a regular measurement the signal in the detector, i.e. the pointer’s position 〈q〉=
q0+λ 〈Aˆ〉, is read. From the classical signal, 〈q〉, one can infer the average value of
the observable Aˆ.
In a WV protocol the signal in the detector is kept provided that the system is
successfully postselected to be in a state | f 〉. Hence, the detector ends up in the state
|ψ〉= |φ0〉− iλ
[〈 f |Aˆ|i〉/〈 f |i〉] pˆ |φ0〉
≈ e−iλ f 〈Aˆ〉i pˆ |φ0〉 , (7)
that corresponds to a shift in the position of the pointer proportional to Re[ f 〈A〉i].
Hence the expectation value of the coordinate of the pointer is given by
f 〈qˆ〉i = q0+λ Re[ f 〈Aˆ〉i] , (8)
where the conditional average value of Aˆ is inferred from the detector’s reading.
We note that the approximation in Eq. 7 is valid when ∆ maxi, j |ai−a j|. This
means that the initial detector’s wave function and the shifted one due to the in-
teraction with the system are strongly overlapping. In turn, this means that for any
outcome of the detector the state of the system is weakly changed. This corresponds
to a weak measurement. As long as the measurement of the observable, Aˆ, is weak,
the WV is system independent and does not depend on the details of the coupling
or the specific choice of the detector.
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3 Standard Weak Values in Terms of Conditional Probabilities
In this section we provide a correspondence between a conditional probability nota-
tion and the standard state-vector notation used in most WV works.
Let us consider the case of a qubit system weakly coupled to another two-level
detector. Their respective states are initially
|i〉= α |0〉+β |1〉 Hilbert space of system , (9)
|d〉= γ |0〉+δ |1〉 Hilbert space of detector . (10)
Once the system and detector are coupled their resulting entangled state is
|i,d〉=N αγ |0,0〉+αδ |0,1〉+β γ˜ |1,0〉+β δ˜ |1,1〉 , (11)
where we assumed that if the system is in state |0〉 the detector remains unaffected,
γ˜, δ˜ represent the detector amplitudes when the system is in state |1〉, and N is a
normalization factor.
Measuring the detector state and applying calibration yields an observable of the
system:
〈i| Aˆ |i〉= P(Aˆ
′)−|δ |2
|δ˜ |2−|δ |2 = |β |
2 , (12)
where Aˆ = |1〉〈1| operates in the system’s Hilbert space and Aˆ′ = |0,1〉〈0,1|+
|1,1〉〈1,1| operates in the joint Hilbert space of system and detector.
Taking the probability of this weak measurement outcome conditional on the
outcome of a subsequent postselection, yields the detector response to a standard
WV protocol
P(Aˆ′ | Bˆ)−|δ |2
|δ˜ |2−|δ |2 ∼ (|δ˜ |
2−|δ |2)Re{f〈Aˆ〉i} , (13)
where Bˆ = | f 〉〈 f | is a strong postselection in the system space, and we used the
weakness of the first measurement |δ˜ |2−|δ |2 << 1. The counter-causal conditional
probability P(Aˆ′ | Bˆ) is calculated using Bayes theorem and using the causal condi-
tional probabilities appearing in the tree diagram in Fig. 2(a).
4 Null Weak Values in Terms of Conditional Probabilities
We now turn to describe our new measurement protocol (null-WV) [cf. Fig.2(b)].
The qubit state is measured twice. The first measurement ˆ˜A = p0 |0〉〈0|+ p1 |1〉〈1|
is a strong (projective) measurement which is performed on the system with small
probability. Here the states {|0〉 , |1〉} are measured with probabilities {p0, p1}, re-
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Fig. 2 Tree diagrams of the state evolution during the (a) weak value protocol and (b) null weak
value protocol. The respective probabilities of events are indicated. (a) Upon the first weak mea-
surement the detector “clicks” [no “click”] with probability P(Aˆ′) [P(Aˆ′)]. Due to the measurement
back-action, the system evolves into the state |i+〉 [|i−〉]. Subsequently the system if strongly mea-
sured to be in the | f 〉 [or not]. (b) The first partial-collapse measurement “clicks” [no “click”]
with probability P( ˆ˜A) [P( ˆ˜A)]. If a “click” occurred the system is destroyed [marked by X (red)]. If
not, due to the measurement back-action, the system evolves into the state |ip〉. Subsequently the
system if strongly measured to be in the | f 〉 [or not].
spectively. For simplicity, hereafter, we assume that only the state |1〉 is measured
with probability p1 = p and p0 = 0. If the detector “clicks” (the measurement out-
come is positive), the qubit state is destroyed. Very importantly, having a “null out-
come” (no click) still results in a weak back-action on the system. We refer to this
stage of the measurement process as “weak partial-collapse”. Subsequently the qubit
state is (strongly) measured a second time (postselected), Bˆ, to be in the state | f 〉
(click) or
∣∣ f¯ 〉 (no click).
Similarly to the previous case, readout of the number of “clicks” in this first
detector yields an observable on the system
〈i| Aˆ |i〉= P(
ˆ˜A)
p
= |β |2 . (14)
Studying the correlation between this first partial-collapse measurement and a “no
click” postselection yields the null value
P( ˆ˜A|Bˆ)
p
=
〈i| Aˆ |i〉
P(Bˆ)
∼ 〈i| Aˆ |i〉|< f |i> |2 , (15)
where the last approximation is for small p.
Our protocol takes advantage of the correlation between the two measurements.
To shed some light on its outcome we calculate explicitly the conditional prob-
abilities following the measurement procedure sketched in Fig. 2(b). For exam-
ple, if the first measurement results in a “click” the system’s state is destroyed
and any subsequent measurement on the system results in a null-result, implying
P(Bˆ| ˆ˜A) = 0, and P(Bˆ| ˆ˜A) = 1. This represents a classical correlation between the two
measurements. By contrast, P(Bˆ| ˆ˜A) embeds non-trivial quantum correlations. The
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first partial-collapse measurement of a given preselected state |i〉 results in the de-
tector clicking with probability P( ˆ˜A) = p|β |2. If no click occurs [with probability
P( ˆ˜A) = 1−P( ˆ˜A)], the qubit’s state is modified by the measurement back-action into∣∣ip〉= [α |0〉+√1− pβ |1〉]/√P( ˆ˜A). The second strong measurement, Bˆ, yields a
click [no click] with probability P(Bˆ| ˆ˜A) = |〈 f |ip〉|2
[
P(Bˆ| ˆ˜A) = |〈 f¯ |ip〉|2
]
. Finally,
using Bayes theorem, we can write P( ˆ˜A|Bˆ) = P( ˆ˜A)/[P( ˆ˜A)+P( ˆ˜A)P(Bˆ| ˆ˜A)]. This cor-
related outcome is useful in obtaining amplified SNR in a quantum state discrimi-
nation problem [19].
5 Description of Standard and Null Weak Values in Terms of
Quantum States
The result of the NWV protocol, Eq. (4), though emanating from a weak measure-
ment, is different from the standard WV, Eq. (3). On the face of it, the derivation that
leads to Eq. (5) appears to be universally adapted to any two-step (the first is weak)
measurement procedure. The fact that the expression for NWV is different from that
of WV may then seem paradoxical. It is therefore instructive to understand how the
NWV relates to the standard WV in the framework of the derivation of Eq. (5).
The idea behind Eq. (5) is quite general: one writes an identity for the standard
quantum mechanical expectation value in terms of a sum of probabilities to reach the
possible postselected states. These probabilities are weighted-in with the appropriate
coefficients, namely 〈
Aˆ
〉
=∑
n
Pi→n fn〈Aˆ〉i , (16)
where Pi→n is the probability to obtain the postselected state | fn〉 given the initial
(prepared) state of the system is unchanged. The coefficients fn〈Aˆ〉i obtained from
this identity are then naturally interpreted as the conditional averages one is after. In
the (standard WV) derivation of Eq. (5), the first weak measurement does not affect
the state significantly, and this interpretation comes natural with Pi→n = |〈 fn|i〉|2.
The factor |〈 fn|i〉|2 can no longer be interpreted as the probability to find the system
in | fn〉, following the second strong measurement (postselection). In fact, (without
extending our Hilbert space) the partial-collapse measurement cannot be directly
described by a von Neumann-like measurement on which Eq. (5) is implicitly based.
Therefore, despite the fact that Eq. (5) is an identity, which holds true also in the
NWV case, it does not allow for an interpretation of the conditional outcome as the
NWV.
Nevertheless, it is possible to write other identities in the spirit of Eq. (16)
which can be useful in the present case. For example, following the steps (i) using
Aˆ=∑ j a jΠˆ j, where
{
a j
}
are the eigenvalues of Aˆ and
{
Πˆ j
}
the corresponding pro-
jection operators onto the states {| j〉}, (ii) inserting the projector identity Πˆ j ≡ Πˆ 2j ,
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and (iii) inserting the identity in terms of postselected states, 1 = ∑n | fn〉〈 fn|, one
obtains
〈
Aˆ
〉
=∑
n
(
∑
j
|〈 fn|Π j|i〉 |2) ∑ j a j|〈 fn|Π j|i〉 |2
∑ j |
〈
fn|Π j|i
〉 |2 . (17)
If the measurement of Aˆ is strong, the term in parenthesis in Eq. (17) corresponds to
the probability of postselection. Therefore the conditional average is the remaining
expression outside of the parenthesis. Equation (17) is evidently an identity, but
it does not lend itself to any physically meaningful interpretation if the protocol
involves weak measurement.
Since partial-collapse measurements are in fact strong measurements that occur
with a small probability, Eq. (17) is particularly useful for NWVs. Indeed, one may
effectively describe a partial-collapse measurement as a von Neumann measurement
in an extended Hilbert space. To do so, we formally extend the system’s Hilbert
space to include an extra ancilla state, |R〉. The idea is to describe the partial-collapse
measurement as a combination of a weak transition to the ancilla state followed by
a strong projective measurement exactly of this newly added state. Let us describe
this more precisely.
The initial state one is interested in is |i〉 = α |0〉+β |1〉. Allowing the state |1〉
to be transferred to |R〉 with transition rate Γ for a time window t, evolves the initial
state into Uˆ |i〉 = α |0〉+√1− pβ |1〉+√pβ |R〉, where p = 1− exp(−Γ t) is the
probability to undergo this transition over time t, and Uˆ |i〉 is in the extended Hilbert
space spanned by |0〉 , |1〉 , |R〉. It is now apparent that the partial-collapse measure-
ment can be written as ˆ˜A= Uˆ† |R〉〈R|Uˆ . Subsequently we postselect on | f 〉 (a state
within the system’s Hilbert space, |0〉 , |1〉). Hence, in the extended Hilbert space the
measurement can be formulated according to the standard measurement theory.
Let us adjust Eq. (17) to the NWV case,
〈
Aˆ
〉
=
〈
ˆ˜A
〉
p
(18)
=
1
p ∑
fn= f , f¯
(
∑
j=R¯,R
|〈 fn|Π jUˆ |i〉 |2) |〈 fn|ΠRUˆ |i〉 |2
∑ j=R¯,R |
〈
fn|Π jUˆ |i
〉 |2 (inappropriate!) ,
where ΠR¯ = |0〉〈0|+ |1〉〈1| is the projector onto the Hilbert space of the original
system, i.e. the subspace orthogonal to |R〉. Owing to the fact that the postselection
states | f 〉 and ∣∣ f¯ 〉 are within the reduced Hilbert space, the numerator on the right
hand side is identically zero.
In order to harness this approach to describe the procedure at hand, we introduce
a crucial modification in our scheme. One may think of the postselection as perform-
ing an additional “partial-collapse” measurement with the state | f 〉 having probabil-
ity p≡ 1 to become transmitted into state |R〉, i.e. the postselection is with respect to
the operator (observable) ˆ˜B= ˆ˜U† |R〉〈R| ˆ˜U , with ˆ˜U [a ∣∣ f¯ 〉+b | f 〉]= [a ∣∣ f¯ 〉+b |R〉].
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Due to the specific nature of the partial-collapse measurement, the state |R〉 is not
affected by this transformation. In particular, it does not couple back to the original
Hilbert space during the second tunneling event. Note that this renders the evolution
non-unitary in the extended Hilbert space. This prescription yields,
〈
Aˆ
〉
=
1
p ∑
fn=R, f¯
(
∑
j=R¯,R
|
〈
fn| ˆ˜UΠ jUˆ |i
〉
|2
) |〈 fn| ˆ˜UΠRUˆ |i〉 |2
∑ j=R¯,R |
〈
fn| ˆ˜UΠ jUˆ |i
〉
|2
≡ Pi→ f | 〈R|Uˆ |i〉 |
2
p Pi→ f
(appropriate for NWV) , (19)
with Pi→ f ≡ |
〈
R| ˆ˜UΠR¯Uˆ |i
〉
|2 + |〈R|Uˆ |i〉 |2. Indeed, the expression on the left hand
side corresponds to the probability to end up in state “| f 〉”≡ ˆ˜U† |R〉. Note that for
p 1, the probability Pi→ f reduces to the form | 〈 f | i〉 |2, the same as in the stan-
dard WV case [cf. Eq. (3)]. Last but not least, the multiplicative term in the middle
equality of Eq. (19) (multiplying the parenthesis), is identical to the expression for
the NWV [r.h.s. of Eq. (15)]. Hence, we have cast the NWV in the form of Eq. (16).
6 Conclusions
We have presented here a novel measurement protocol. Similarly to standard weak
values, the outcome of this protocol – null weak value – is the result of a first
(weaker) measurement correlated with a strong postselection. Ostensibly, as long as
a single measurement is concerned, the first measurement in both protocols yields
the same outcome. However, the substantial difference between the standard- and
null- WVs comes to show that back-action on the system is profoundly different.
Hence, involving a postselection leads to qualitatively different correlated results.
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